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1. Introduction
Within the last decade, ultrafast irreversible processes induced by laser pulses
in semiconductors have attracted considerable attention [1–3]. Besides a relevant
technological interest in microelectronics, the studies of optical and transport prop-
erties of semiconductors under high intensity laser radiation provide the motives for
the re-examination of some fundamental ideas of quantum kinetics: memory effects,
quantum coherence, the effect of many-particle correlations, formation of quasipar-
ticle behavior, etc. It would be beyond the scope of this paper to review the current
state of the art in this field (see, e.g., [3]). We will concentrate only on some aspects of
the present theories that clarify the aim of our work. The most commonly used the-
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oretical approaches to ultrafast dynamics in semiconductors are the density matrix
method (see the recent review in [3]) and the Green’s function formalism [2,4,5]. In
the density matrix method one starts with equations of motion for the single-time
carrier distribution functions, polarization, and the phonon distribution function.
These equations are not closed; they involve the so-called phonon-assisted density
matrices describing correlations between carriers and phonons. On the next level, the
equations of motion for the phonon-assisted density matrices contain higher-order
correlation functions, so that an infinite hierarchy of coupled equations evolves. The
central problem in this approach is the truncation of the hierarchy. Different trunca-
tion schemes based on more or less reasonable physical ideas have been proposed [3].
It should be noted, however, that the number of equations increases rapidly with the
level of truncation. Because of this, it is often necessary to take recourse to further
approximations. A weak point in such a strategy is that even quite “reasonable”
approximations can lead to non-physical predictions. For instance, some approxi-
mations violate the conservation of the total energy for the case of relaxation from
a given initial distribution or violate the energy balance for the case of interaction
with the exciting light field. Note also that the validity of truncation schemes for
extremely ultrashort time scales remains open to question. An alternate approach
to quantum kinetics at short time scales is the nonequilibrium Green’s function
technique [2,6]. The basic ingredients of this formalism are two-time quantities: the
spectral functions and the correlation functions which satisfy the so-called Kadanoff-
Baym equations. In principle, the Kadanoff-Baym equations can serve as a starting
point for the derivation of kinetic equations for single-time functions (the Wigner
distributions and polarization). To obtain closed kinetic equations, it is necessary
to “reconstruct” the two-time correlation functions in terms of their values on the
time diagonal, i.e., in terms of the single-time distribution functions. This is a crucial
point in the Green’s function approach. Formally, the reconstruction problem can be
solved exactly by way of very complicated integral equations [7] involving the Wign-
er functions, the self-energies, and the retarded and advanced Green’s functions (or,
equivalently, the spectral functions). The dominant terms in these equations, at least
for small self-energies, lead to the approximate relation between two-time correlation
functions and the Wigner distributions, which is known as the generalized Kadanoff-
Baym ansatz (GKBA) [6,7]. Non-Markovian kinetic equations derived based on the
GKBA are of considerable current use in the theory of ultrafast relaxation process-
es [2]. Unfortunately, the GKBA does not provide a consistent determination of the
spectral function. Moreover, spectral functions with non-zero quasiparticle damping
lead to non-Markovian kernels in kinetic equations which violate the energy balance
at the stage of carrier excitation by the light field and do not conserve total energy
at the relaxation stage [2]. As a result, the present theory does not yield the correct
asymptotic distributions. Some authors proposed spectral functions [6] that at least
partly improve the asymptotic behavior of the distribution functions. It should be
noted, however, that the attempts to construct an appropriate spectral function in
the GKBA for each concrete situation do not provide any insight into the problem
of energy conservation in non-Markovian quantum kinetics. A more promising ap-
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proach is to solve the full two-time Kadanoff-Baym equations where the quasiparticle
damping is taken into account self-consistently [6]. Because of computer limitations,
explicit calculations have so far been restricted to very simple models. In this paper
we present a new approach to the theory of ultrafast processes in semiconductors
within the framework of non-Markovian quantum kinetics. The basic idea outlined
earlier [8,9] is to treat the total energy (or, equivalently, the interaction energy)
and the single-particle distributions as independent state parameters. This leads to
additional “correlation” terms in non-Markovian collision integrals that ensure the
energy balance and yield the correct asymptotic long-time behavior of the distri-
bution functions 1. The plan of the paper is as follows. In section 2 we outline a
formulation of the problem in terms of single-particle distributions. The collision
integrals in non-Markovian Born approximation are derived in section 3. We also
introduce the time-dependent quasi-temperature which is thermodynamically con-
jugated to the mean interaction energy and plays a crucial role in our approach.
The equation for the quasi-temperature is derived by the method of nonequilibri-
um statistical operator [11]. Section 4 deals with the energy balance equation. It is
shown that the total energy is exactly conserved at the relaxation stage, and the
explicit expression for the mean value of the nonequilibrium interaction energy is
obtained. Relaxation of the carrier and phonon subsystems to thermal equilibrium is
discussed in section 5. The problems arising when a nonzero quasiparticle damping
is taken into account are discussed in section 6, and results of numerical solution
of kinetic equations for carriers and phonons are presented in section 7. The final
section contains a discussion and comments on further investigations.
2. A model of a two-zone laser excited semiconductor
The Hamiltonian of the system will be taken in the form
Hˆ(t) = Hˆ0 + Hˆf(t) + Hˆint. (2.1)
The kinetic energy operator is given by
Hˆ0 =
∑
k,α
eαka
†
αkaαk +
∑
q
~ωq
(
b†qbq +
1
2
)
, (2.2)
where a†αk and aαk, α = {c, v}, are creation and annihilation operators for the
conduction (α = c) and valence electrons (α = v), and b†q, bq are creation and
annihilation operators for phonons. For simplicity, we restrict our consideration to
a parabolic two-band semiconductor with
eck =
Eg
2
+
~
2k2
2mc
=
Eg
2
+ εck , evk = −Eg
2
− ~
2k2
2mv
= −Eg
2
− εvk , (2.3)
1It should be noted that Yu.L. Klimontovich was among the first to point out an intimate con-
nection between the memory effects in kinetic equations and nonequilibrium correlations associated
with the energy conservation [10].
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where Eg is the energy gap, mc is the effective mass of electrons in the conduction
band, and mv is the effective mass of holes in the valence band. The field-dependent
part of the Hamiltonian, Hˆf(t), describes the interband polarization of the carriers
by an external field E(t) and can be written as
Hˆf(t) = −
∑
α6=β,k
µαβ(k) a
†
αkaβkE(t) (2.4)
with the optical matrix elements
µαβ(k) = e
∫
dr u∗αk
E0 · r
E0
uβk , (2.5)
where uαk is the Bloch function for the band α, and E0 is the field amplitude
vector. Usually, µαβ(k) are supposed to be constants, µαβ(k) ≈ d0; they define
the Rabi energy ~ωR = d0E0 of the laser pulse [2,5]. The first two terms of the
Hamiltonian (2.1) can be presented in the following form:
Hˆ0(t) ≡ Hˆ0 + Hˆf(t) =
∑
αβ,k
Mαβ(k, t) a
†
αkaβk +
∑
q
~ωq
(
b†qbq +
1
2
)
, (2.6)
where
Mαβ(k, t) =
(
eck −d0E(t)
−d0E(t) evk
)
. (2.7)
In real experiments, the time profile of the external electric field can be approximated
as a leading edge of the excitation pulse with duration τpulse and the central frequency
ω. For definiteness, we shall take it in the form
E(t) = E0(t) cos(ωt), E0(t) = E0 exp[−t2/τ 2pulse]. (2.8)
Since the characteristic wavelength of the light field is about 10−7 m, which is much
larger than the lattice constant, the system may be considered as being spatially
homogeneous. The last term, Hˆint, in the Hamiltonian (2.1) describes the carrier-
phonon interaction and has the standard form
Hˆint =
∑
αkq
D(q)
(
bqa
†
αkaαk−q + b
†
qa
†
αk−qaαk
)
(2.9)
with the Fro¨hlich coupling [2,4]
D2(q) =
2pie2cωLO
∗q2
,
where ~ωLO is the energy of longitudinal optical (LO) phonons, and 
∗ denotes an
effective dielectric constant. In what follows, the LO-phonon dispersion is neglected.
The carrier density is assumed to be sufficiently low, so that the carrier-carrier
Coulomb interaction is of minor importance compared with the interaction with
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LO-phonons. In this paper, the main emphasis will be done on the derivation of
kinetic equations for the distribution functions of carriers, fαβ(k, t), and phonons,
n(q, t), which are defined as
fαβ(k, t) =
( 〈a†ckack〉t 〈a†vkack〉t
〈a†ckavk〉t 〈a†vkavk〉t
)
≡
(
fc(k, t) p(k, t)
p∗(k, t) fv(k, t)
)
,
n(q, t) = 〈b†qbq〉t, (2.10)
where we use the notation p(k, t) for the polarization [5]. The averages in (2.10) are
calculated with a nonequilibrium statistical operator (NSO) ρ(t) which satisfies the
von-Neumann equation
∂ρ(t)
∂t
+
1
i~
[ρ(t), Hˆ(t)] = 0. (2.11)
Calculating the time derivatives of the distribution functions and using the von-
Neumann equation, we readily obtain the kinetic equations
∂fαβ(k, t)
∂t
− i
~
[M(k, t), f(k, t)]αβ = Iαβ(k, t),
∂n(q, t)
∂t
= Iph(q, t), (2.12)
where [M(k, t), f(k, t)]αβ denotes the matrix elements of the commutator of two
matrixes. The collision integrals are given in the general form as
Iαβ(k, t) =
1
i~
Tr
{
[fˆαβ(k), Hˆint]ρ(t)
}
, fˆαβ(k) = a
†
βkaαk,
Iph(q, t) =
1
i~
Tr
{
[nˆ(q), Hˆint]ρ(t)
}
, nˆ(q) = b†qbq. (2.13)
Equations (2.12) are presented in an exact form with none approximations for the
collision integrals. Equations with Iαβ(k, t) = 0, I
ph(q, t) = 0 correspond to the
so-called coherent approximation [2,4]. In this approximation, the kinetic equations
for the components of the matrix distribution function can be written as
∂fc(k, t)
∂t
= −2Im (p∗(k, t)d0E(t)) ,
∂fv(k, t)
∂t
= −
(
∂fc(k, t)
∂t
)
,
∂p(k, t)
∂t
= − i
~
(eck − evk)p(k, t) + i
~
d0E(t)(fc(k, t)− fv(k, t)). (2.14)
These equations are nothing but the Bloch equations which are widely used to
describe the optical response of a two-level system. A solution of equations (2.14)
for an arbitrary E(t) is not known. Note, however, that these equations yield a useful
integral of motion [5]
4|p(k, t)|2 + (fc(k, t)− fv(k, t))2 = 1, (2.15)
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which shows that the quantities |p(k, t)|2 and fc(k, t) are generally of the same order.
As already discussed, the main source of difficulties in the kinetic theory of ultrafast
processes in laser-excited semiconductors is the problem of energy balance at the
excitation stage and the energy conservation at the relaxation stage. Following the
approach outlined in [8,9], we shall treat the mean interaction energy 〈Hˆint〉t as an
additional quantity characterizing the nonequilibrium state of the system. In this
way, the energy balance equation will follow directly from the kinetic equations (2.12)
and from the equation of motion for 〈Hˆint〉t.
3. Collision integrals and equation for quasi-temperature
To calculate the collision integrals (2.13) explicitly, one has to find a retarded
solution of the von-Neumann equation (2.11) as a functional of the state parameters
fαβ(k, t
′), n(q, t′), and 〈Hˆint〉t′ , where t′ < t. Following the standard procedure (see,
e.g., [11]), we first define the auxiliary relevant statistical operator in a generalized
Gibbs form,
ρrel(t) =
1
Zrel(t)
exp
{
−β(t)Hˆint −
∑
αβ,k
Λαβ(k, t) fˆαβ(k)−
∑
q
Λph(q, t) nˆ(q)
}
, (3.1)
where the partition function is determined by the normalization condition,
Zrel(t) = Tr exp
{
−β(t)Hˆint −
∑
αβ,k
Λαβ(k, t) fˆαβ(k)−
∑
q
Λph(q, t) nˆ(q)
}
, (3.2)
and the Lagrange multipliers β(t), Λαβ(k, t), Λ
ph(q, t) are determined by the self-
consistency conditions
〈fˆαβ(k)〉trel = fαβ(k, t), 〈nˆ(q)〉trel = n(q, t), 〈Hˆint〉trel = 〈Hˆint〉t. (3.3)
Here and henceforth the symbol 〈· · ·〉trel stands for averages calculated with ρrel(t).
Clearly the equilibrium statistical operator follows from equation (3.1) as a spe-
cial case. In thermal equilibrium, β = 1/Teq, where Teq is the temperature, and the
Lagrange multipliers conjugated to the distribution functions are given by
Λαβ(k) = δαβ T
−1
eq (eα − µ) , Λph(q) = T−1eq ~ωLO , (3.4)
where µ is the equilibrium chemical potential. Thus, assuming that the evolution of
the system starts with thermal equilibrium at time t0, one may look for a solution
of the von Neumann equation that satisfies the initial condition
ρ(t0) = ρrel(t0). (3.5)
We shall restrict our consideration to the second-order non-Markovian Born ap-
proximation in which the collision integrals (2.13) are explicitly proportional to
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D2(q). Within this approximation, we need a solution of equation (2.11), correct to
first order in the interaction Hint. This is given by
ρ(t) = ρrel(t)−
t∫
t0
dt′ U0(t, t
′)
1
i~
[ρrel(t
′), Hˆ0(t
′) + Hˆint]U
†
0 (t, t), (3.6)
where
U0(t, t
′) = exp+

− i~
t∫
t′
Hˆ0(τ) dτ

 (3.7)
is the evolution operator with the Hamiltonian (2.6). The symbol exp+{. . .} means
the chronologically ordered exponent. Substituting (3.6) into (2.13), we readily ob-
tain the collision integrals in the form
Iαβ(k, t) = − 1
~2
t∫
t0
dt′Tr
{[
U †0(t, t
′)
[
a†βkaαk, Hˆint
]
U0(t, t
′), Hˆint
]
ρrel(t
′)
}
+
1
~2
t∫
t0
dt′Tr
{
U †0(t, t
′)
[
a†βkaαk, Hˆint
]
U0(t, t
′)
[
ρrel(t
′), Hˆ0(t
′)
]}
, (3.8)
Iph(q, t) = − 1
~2
t∫
t0
dt′Tr
{[
U †0(t, t
′)
[
b†qbq, Hˆint
]
U0(t, t
′), Hˆint
]
ρrel(t
′)
}
+
1
~2
t∫
t0
dt′Tr
{
U †0(t, t
′)
[
b†qbq, Hˆint
]
U0(t, t
′)
[
ρrel(t
′), Hˆ0(t
′)
]}
. (3.9)
The action of U †0(t, t
′) and U0(t, t
′) on creation and annihilation operators are cal-
culated explicitly only for phonons:
U †0(t, t
′)bqU0(t, t
′) = exp[−iωLO(t− t′)]bq, U †0(t, t)b†qU0(t, t′) = exp[iωLO(t− t′)]bq .
(3.10)
For fermions, the corresponding transformations can be written in a symbolic matrix
form
U †0(t, t
′)aαkU0(t, t
′) =
∑
β
G+αβ(k; t, t
′) aβk , (3.11)
U †0(t, t
′)a†αkU0(t, t
′) =
∑
β
G−βα(k; t
′, t) a†βk , (3.12)
where we have introduced matrices G±(k; t, t′) = [G±αβ(k; t, t
′)] with the elements
G±αβ(k; t, t
′) = exp±

− i
~
t∫
t′
M(k, t′′) dt′′


αβ
. (3.13)
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These time-ordered exponents can be found by solving the matrix equation
∂G+αβ(k; t, t
′)
∂t
= − i
~
∑
γ
Mαγ(k, t)G
+
γβ(k; t, t
′). (3.14)
In general, only numerical solutions are possible. An approximate analytical solution
for sufficiently small field amplitudes is considered in Appendix A.
Now we are in a position to calculate the first terms in (3.8) and (3.9). We call
them the “collision” contributions to the total collision integrals Iαβ(k, t), I
ph(q, t),
in order to distinguish them from the “correlation” contributions associated with
the last terms in (3.8) and (3.9).
Using Wick’s decomposition of the operators, we obtain
I
(coll)
αβ (k, t) = −
1
~2
t∫
t0
dt′
∑
q
D2(q)
{
exp[−iωLO(t− t′)]G+(k − q; t, t′)
· {N+(q) (I − f(k − q)) · f(k)−N−(q)f(k − q) · (I − f(k))}
t′
·G−(k; t′, t) + h.c.
}
αβ
− (k←→ k − q) , (3.15)
I
(coll)
ph (q, t) =
1
~2
t∫
t0
dt′D2(q)
∑
k
Tr
{
exp[−iωLO(t− t′)]G+(k − q; t, t′)
· {N+(q) (I − f(k− q)) · f(k)−N−(q)f(k − q) · (I − f(k))}t′
·G−(k; t′, t) + h.c.
}
. (3.16)
Here and henceforth we denoteN−(q, t) = n(q, t),N+(q, t) = 1+n(q, t). The symbol
“·” means the product of matrices, “Tr” denotes the trace over zone indices, h.c.
stands for the hermitian conjugated term and I is the unit matrix. The correlation
contributions to the collision integrals come from the last terms in equations (3.8)
and (3.9). Some algebra (see Appendix B) gives for the corresponding contribution
to the carrier collision integral
I
(corr)
αβ (k, t) =
1
~2
t∫
t0
dt′
∑
q
D2(q)β(t′)
{
exp[−iωLO(t− t′)]G+(k − q; t, t′)
· {N+(q) (I − f(k − q)) · B(k,k − q) · f(k)
−N−(q)f(k − q) ·B(k,k − q) · (I − f(k))}
t′
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·G−(k; t′, t) + h.c.
}
αβ
− (k←→ k − q) , (3.17)
where the matrix B(k,k − q, t) is defined as
B(k,k− q, t) = lim
x→0
∫
dx exp[−xΛph(q, t)] exp [−xΛ(k − q, t)]∗
· (M(k, t)−M(k − q, t)− ~ωLOI) · exp [xΛ(k, t)] .
Explicit expressions for the Lagrange multipliers are derived in Appendix B. The
correlation term in the phonon collision integral has a similar structure:
I
(corr)
ph (k, t) =
1
~2
t∫
t0
dt′D2(q)β(t′)
∑
k
Tr
{
exp[−iωLO(t− t′)]G+(k − q; t, t′)
· {N+(q) (I − f(k − q)) · B(k,k − q) · f(k)
−N−(q)f(k − q) · B(k,k − q) · (I − f(k))}t′
·G−(k; t′, t) + h.c.
}
. (3.18)
Note that the kinetic equations for the distribution functions are incomplete in
themselves. They must be supplemented by an equation of motion for the mean
interaction energy 〈Hˆint〉t or, equivalently, by an equation for the quasi-temperature
T (t) = 1/β(t). To derive the equation for the quasi-temperature, we shall proceed
in the similar manner as in [9]. Differentiating the self-consistency conditions (3.3)
with respect to time and using the von Neumann equation (2.11) for ρ(t), a little
algebra leads to
Tr
{
fˆαβ(k)
∂ρrel(t)
∂t
}
= Iαβ(k, t), Tr
{
nˆ(q)
∂ρrel(t)
∂t
}
= Iph(q, t),
Tr
{
Hˆint
∂ρrel(t)
∂t
}
= −
∑
q
~ωqI
ph(q, t)−
∑
αk
eαkIαα(k, t) + d0E(t)
∑
α6=β,k
Iαβ(k, t).
(3.19)
The last equation can be converted into the equation for β(t), taking into account
that the relevant statistical operator (3.1) depends on time through the Lagrange
multipliers and then eliminating ∂Λαβ(k, t)/∂t, ∂Λ
ph(q, t)/∂t. Details are described
in [9] (see Appendix B) and we do not repeat the algebra here. In the case of a weak
electron-phonon interaction, the resulting equation for the inverse quasi-temperature
reads
dβ(t)
dt
=
1
C(t)
{∑
αk
eα(k)Iαα(k, t) +
∑
q
~ωqI
ph(q, t)− d0E(t)
∑
α6=β,k
Iαβ(k, t)
}
,
(3.20)
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where C(t) =
(
Hˆint, Hˆint
)
t
is the “energy-energy” correlation function in the relevant
ensemble. We use the conventional notation for the correlation function:
(
Aˆ, Bˆ
)
t
=
1∫
0
dx 〈∆Aˆρ˜xrel∆Bˆρ˜−xrel 〉rel, ∆Aˆ = Aˆ− 〈Aˆ〉rel. (3.21)
Here the averages are calculated with the “truncated” statistical operator
ρ˜rel(t) =
1
Z˜rel(t)
exp
{
−
∑
αβ,k
Λαβ(k, t)fˆαβ(k)−
∑
q
Λph(q, t)nˆ(q)
}
,
Z˜rel(t) = Tr exp
{
−
∑
αβ,k
Λαβ(k, t)fˆαβ(k)−
∑
q
Λph(q, t)nˆ(q)
}
, (3.22)
which follows from (3.1) if the term with Hˆint is neglected . A reason to omit the
interaction part of Hamiltonian in (3.22) is two-fold: i) introducing a statistical op-
erator that describes a system of non-interacting quasiparticles, we keep all terms
of I(corr) in the 2-nd Born approximation; ii) the only “truncated” form of the rele-
vant statistical operator allows us to calculate I(corr) and nonequilibrium correlation
function (3.21) explicitly. Using Wick’s decomposition in the correlation function
C(t) =
(
Hˆint, Hˆint
)
t
, we obtain it in terms of the nonequilibrium distribution func-
tions:
C(t) =
∑
kq
D2(q)Tr
{
N−(q, t)f(k − q, t) · B(k,k − q, t) · (I − f(k, t))
−N+(q, t)(I − f(k − q, t)) · B(k,k − q, t) · f(k, t) + h.c.
}
. (3.23)
Now, since the explicit expressions for the collision integrals are derived, the kinetic
equations (2.12) and the evolution equation (3.20) for the quasi-temperature provide
a closed description of the ultrafast dynamics in a laser excited semiconductor. In
the next sections we shall discuss some important properties of these equations.
4. Energy balance equation
The energy balance equation follows directly from equations (3.19) and can be
written in the form
d
dt
(εkin(t) + εph(t) + εint(t)) = jpol(t)E(t), (4.1)
where εkin(t), εph(t), and εint(t) are, respectively, the mean kinetic energy of the
carriers, the mean energy of phonons, and the mean interaction energy:
εkin(t) =
∑
αk
eαkfαα(k, t), εph(t) =
∑
q
~ωLOn(q, t), εint(t) = 〈Hˆint〉t. (4.2)
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The polarization current is given by
jpol(t) = d0
d
dt
∑
k
(fcv(k, t) + fvc(k, t)) = 2d0
d
dt
∑
k
p(k, t). (4.3)
If one makes any approximation for kinetic kernels (for instance, expansion in series
in external field amplitude), balance equation (4.1) will be broken automatically.
In such a case, one can only speak about balance equation up to a certain order
in E0. On the other hand, at the relaxation stage, the external laser field E(t) is
zero and, consequently, equation (4.1) becomes the energy conservation law for the
carrier-phonon system. It should be emphasized that the balance equation (4.1) is
valid for arbitrary collision integrals. This is an important advantage of our approach
over other schemes where the evolution equation for the interaction energy is not
completely consistent with kinetic equations for carriers and phonons. Using the
collision integrals (3.15)–(3.18) derived in non-Markovian Born approximation, one
can obtain an “explicit” expression for the mean interaction energy in terms of
the single-particle distribution functions and the quasi-temperature. To do this,
we multiply the first equation (2.12) by the single-particle energy matrix M(k, t)
and the second equation by ~ωLO. Then, using the above formulae for the collision
integrals, the definition of the time-ordered exponents (3.13) and their symmetry
properties (see Appendix A), we arrive at the balance equation (4.1) with the mean
interaction energy
εint(t) = εint(t0) +
1
i~
t∫
t0
dt′
∑
q
D2(q)Tr
{
exp[−iωLO(t− t′)]G+(k − q; t, t′)
· {N+(q) (I − f(k − q)) · A(k,k − q) · f(k)
−N−(q)f(k − q) · A(k,k − q) · (I − f(k))}
t′
·G−(k; t′, t)− h.c.
}
, (4.4)
where εint(t0) is the initial value of the mean interaction energy, and
A(k,k − q, t) = I − β(t)B(k,k − q, t). (4.5)
Previously the expression for εint(t) analogous to (4.4) was derived in [9] for the
special case of a one-zone semiconductor in the absence of the external field.
5. Relaxation stage of the evolution and the Markovian limit
In general, equations (2.12) and (3.20) can be solved only numerically because
the collision integrals have a rather complicated matrix structure. In this section
we consider the problem of relaxation towards equilibrium and make the following
approximations:
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(i) The collision integrals for carriers and phonons are taken in the second non-
Markovian Born approximation (see section 3);
(ii) Off-diagonal elements are neglected in the kinetic kernels which corresponds
to their field-free form;
(iii) Polarization, being the off-diagonal distribution function, is supposed to relax
more rapidly than the electron, hole and phonon distribution functions2.
In our opinion, the last assumption is more reasonable than the phonon bath approx-
imation [2] where the phonon collision integral is taken to be zero, while the carriers
distribution functions and the polarization are essentially nonequilibrium. With the
above approximations, the two-band problem reduces to the effective one-zone prob-
lems for the electrons and holes distribution functions coupled by the evolution of
the quasi-temperature and the phonon distribution. After some algebraic manipu-
lations with the collision integrals cited in section 3, the kinetic equations at the
relaxation stage can be written as
∂fα(k, t)
∂t
=− 2
~2
∑
q
D2(q)
t∫
t0
dt′ cos
[
Ωαk,k−q,q(t− t′)
](
1− β(t
′)~Ωαk,k−q,q
lnKk,k−q,q({f(t′), n(t′)})
)
×
(
fα(k)(1− fα(k − q))(1 + n(q))− (1− fα(k))fα(k − q)n(q)
)
t′
− 2
~2
∑
q
D2(q)
t∫
t0
dt′ cos
[
Ωαk−q,k,q(t− t′)
](
1− β(t
′)~Ωαk−q,k,q
lnKαk−q,k,q({f(t′), n(t′)})
)
×
(
fα(k)(1− fα(k − q))n(q)− (1− fα(k))fα(k − q)(1 + n(q))
)
t′
, (5.1)
∂n(q, t)
∂t
=
2D2(q)
~2
∑
αk
t∫
t0
dt′ cos
[
Ωαk,k−q,q(t− t′)
](
1− β(t
′)~Ωαk,k−q,q
lnKk,k−q,q({f(t′), n(t′)})
)
×
(
fα(k)(1− fα(k − q))(1 + n(q))− (1− fα(k))fα(k − q)n(q)
)
t′
, (5.2)
where we have introduced the designations:
Ωαk1,k2,q =
1
~
(eαk1 − eαk2 − ~ωq) , (5.3)
Kαk1,k2,q({f, n}) =
(1− fα(k1, t))fα(k2, t)n(q, t)
fα(k1, t)(1− fα(k2, t))(1 + n(q, t)) . (5.4)
2This approximation allows us to neglect the off-diagonal elements of the Lagrange multipliers.
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Within the same approximations, the evolution equation (3.20) for the quasi-temperature
takes the form
dβ(t)
dt
= − 2
~C(t)
∑
αkq
D2(q)Ωαk,k−q,q
t∫
t0
dt′ cos
[
Ωαk,k−q,q(t− t′)
]
×
(
1− β(t′) ~Ω
α
k,k−q,q
lnKαk,k−q,q({f(t′), n(t′)})
)
×
(
fα(k)(1− fα(k − q))(1 + n(q))− (1− fα(k))fα(k − q)n(q)
)
t′
(5.5)
with the following expression for C(t):
C(t) = (Hˆint, Hˆint)t = 2
∑
αkq
D2(q)
× n(q)(1− fα(k))fα(k − q)− (1 + n(q))fα(k)(1− fα(k − q))
ln
[
n(q)(1− fα(k))fα(k − q)
(1 + n(q, t))fα(k)(1− fα(k − q)
] . (5.6)
Since {(x − 1)/ lnx} > 0, we see that C(t) > 0. It is instructive to show that the
equilibrium carrier and phonon distribution functions are stationary solutions of
equations (5.1) and (5.2). First we define the auxiliary quasiequilibrium distribution
functions
f 0α(k, t) =
1
exp {β(t) (eαk − µ(t)) }+ 1 ,
n0(t) =
1
exp {β(t)~ωLO} − 1 , (5.7)
where the nonequilibrium chemical potential of the carriers, µ(t), is determined by
the condition of electroneutrality∑
k
fh(k, t) =
∑
k
fc(k, t), fh(k, t) = 1− fv(k, t). (5.8)
It can easily be verified that
β(t)~Ωαk1,k2,q = lnKαk1,k2,q({f 0(t), n0(t)}), (5.9)
where the K-function in the right-hand side is obtained from the (5.4) if the nonequi-
librium distribution functions are replaced by the quasiequilibrium functions (5.7).
Relation (5.9) may tell something useful about the properties of the evolution equa-
tions (5.1), (5.2), and (5.5). We see that the right-hand sides of these equations are
so constructed that the collision and correlation contributions exactly cancel each
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other if fα(k, t
′) = f 0α(k, t
′) and n(q, t′) = n0(t′). In particular, if the evolution of
the system starts at t0 with thermal equilibrium, the distribution functions and the
quasi-temperature will remain unchanged for all times t > t0. It must be emphasized
that the non-Markovian evolution equations without correlation terms do not have
an equilibrium solution! Let us dwell briefly on the transition to the Markovian limit
in the evolution equations. The Markovian approximation implies that the collision
integrals in kinetic equations (5.1), (5.2), and the right-hand side of equation (5.5)
depend on the distribution functions and the quasi-temperature taken at time t. The
Markovian approximation is inadequate for the initial stage of evolution and, strict-
ly speaking, describes only the limiting long-time regime where ∂fα(k, t)/∂t → 0,
∂n(q, t)/∂t → 0, and ∂β(t)/∂t → 0. On passage to the Markovian approximation
in kinetic equations (5.1), (5.2), and in equation (5.5) for the quasi-temperature, we
put fα(k, t
′) ≈ fα(k, t), n(q, t′) ≈ n(q, t), and then take the limit t− t0 →∞. The
remainder integrals over t′ are calculated in the standard way:
lim
t−t
0
→∞
t∫
t0
dt′ cos [Ω(t− t′)] = lim
ε→+0
0∫
−∞
dτ eετ cos (Ωτ) = piδ(Ω). (5.10)
We see immediately that in the Markovian limit the correlational components of the
collision integrals (the terms including β(t)), as well as the right-hand side of (5.5),
become zero. Indeed, in all these expressions we obtain a construction like Ωδ(Ω) ≡ 0.
Nevertheless, the “collision” components of Iα, Iph remain finite and have the form
of the Uehling-Uhlenbeck electron-phonon collision integrals (see [9,12]). Thus, the
correlation terms do not appear in the Markovian collision integrals, but this is true
only in the second Born approximation. In higher-order approximations, such terms
do not vanish in the Markovian limit (see, e.g. [12]).
6. Inclusion of quasiparticle damping
An important point is that the collision integrals (3.15)–(3.18) lead to non-
Markovian kinetic equations with infinite memory depth. This is a consequence of
the fact that the evolution operator (3.7) appearing in the nonequilibrium statistical
operator (3.6) corresponds to free particle approximation in the microscopic dynam-
ics. It is clear, however, that kernels in kinetic equations must decay in time due to
quasiparticle damping. That the quasiparticle damping plays an important part in
non-Markovian kinetics of ultrafast processes is now well understood (see, e.g., [2,6]
for a detailed discussion). The simplest improvement is to add a phenomenological
small damping into the kernels (3.13),
G±αβ(k; t, t
′) −→ G±αβ(k; t, t′) exp[−γ(t− t′)], (t > t′), (6.1)
and try to determine γ as a fit parameter3. In more sophisticated approaches, the
kinetic kernels can be calculated, in principle, from some fundamental quantities.
3In general, the damping γ depends on k.
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For example, in the Green’s function formalism [2,6] the kinetic kernels are ex-
pressed in terms of retarded and advanced Green’s functions or, equivalently, in
terms of the spectral function. The choice (6.1) corresponds to a Lorentzian spectral
function. Unfortunately, Lorentzian spectral functions do not conserve total energy,
nor do they yield the correct asymptotic distribution functions at the relaxation
stage. Although many attempts have been made to introduce damped kinetic kernel
systematically [3,6,13–17], the problem is still essentially unsolved, and the investi-
gation of improved spectral functions is a field of ongoing research. We would like to
emphasize that in our approach the specific form of the quasiparticle damping is not
so important as in other available methods. As mentioned, if the mean interaction
energy is treated as an independent state parameter, then the correct energy bal-
ance is valid for any collision integrals (see section 4). Different approximations for
collision integrals Iαβ and I
ph result in different equations for the quasi-temperature
[see (3.20)] and, consequently, in different approximations for the mean interaction
energy. One may say that in our approach the energy balance is used as a constraint
on the kinetic kernels and the mean interaction energy. It is thus hoped that even
the simple choice of damped kinetic kernels, equation (6.1), with a fit parameter γ
can yield the correct behavior of the distribution functions.
7. Numerical results
In our previous paper [18] we investigated the dynamics of a two-zone semicon-
ductor during the laser pulse irradiation and the relaxation toward equilibrium with
an additional assumption that the polarization relaxes much faster than the carrier
and phonon distribution functions. Here we present some results for the relaxation
stage of the evolution. It is assumed that the evolution of the system starts with
an initially nonequilibrium state and the initial polarization is negligible4. As in the
paper [18], we have chosen the following typical energies and time scales: the energy
of longitudinal optical phonons ~ωLO=36 meV, the Rabi energy ~ωR=26.3 meV, the
laser pulse duration τpulse=50 fs, the width of the band gap Eg=1.8 eV, the excess
energy ∆ = ~ω − Eg=60 meV. The dimensionless constant of the electron-phonon
interaction was 0.069; the mass ratio of holes to electrons was 6.86 and the initial
temperature of the phonon bath was 164 K. We use the values ~ωLO and τpulse as
the characteristic energy and the time scale to obtain dimensionless quantities. To
solve the kinetic equations (5.1)–(5.2) and the equation for quasi-temperature (5.5),
we use the factorization of the kinetic kernels. Details of the transition from integro-
differential equations to an extended system of ordinary differential equations are
presented in Appendix C. This extended set is solved by applying the fifth order
Runge-Kutta integration with automatic step-size control. We chose a dense enough
energy grid with N = 60 points that corresponds to ∼ 106 ordinary differential
equations. Figures 1 and 2 show the energy dependence of the electron distribution
functions at fixed times in the case of γ = 0.
4Estimations [18] show that it is true at time t > 4τpulse, when the external field tends to zero.
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Figure 1. The electron distribution function fc(ε, t) at fixed times. Nonequilibri-
um correlations are not taken into account.
Figure 2. The electron distribution function fc(ε, t) at fixed times. Nonequilibri-
um correlations are taken into account.
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Figure 3. The electron distribution function fc(ε, t) at fixed times. Nonequilibri-
um correlations are taken into account and nonzero quasiparticle damping γ = 0.1
is introduced.
(a) (b)
Figure 4. Time dependence of the total phonon number Nph(t):
(a) γ = 0, Tph →∞; (b) γ = 0, Tph = 7τpulse.
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It is seen that the neglect of the nonequilibrium correlations (figure 1) leads to
nonphysical behavior of the electron distribution function at long times: fc(ε, t) ex-
ceeds unity and is far away from its quasiequilibrium asymptote. Correlation term
I(corr) improves the situation greatly (figure 2) though does not ensure complete
relaxation to the equilibrium (see location of the lines with stars and half-filled pen-
tagons at low and high energies). In other words, it means that the second Born
approximation is not sufficient to establish equilibrium at long times. Therefore we
have to introduce a nonzero γ, which formally means going beyond the second Born
approximation. In figure 3 we presented long time behavior of the electron distribu-
tion function with taking into consideration both nonequilibrium correlations and
nonzero quasiparticle damping 5. One can see complete relaxation of the distribu-
tion function to its asymptotic value (a line with triangles at t∗ = 40τpulse). Thus,
our numerical results are in accord with relaxation dynamics of [2,3]; moreover, our
approach enables one to analyze the asymptotics of phonon distribution functions
(see figure 5) by means of quasi-temperature.
Figure 5. Phonon distribution functions nph(ε, t) at t∗ = 45τpulse. Dashed lines
show the quasiequilibrium values.
Figure 4 shows the time dependence of the total phonon number at the relax-
ation stage. On the left panel in figure 4 one can see that collision integrals in the
2-nd Born approximation without any additional relaxation mechanisms (see ex-
planation below) does not ensure relaxation of the total phonon number towards
equilibrium. However, once we have introduced an additional term Iaddph (q, t) =
(n0(t) − n(q, t))/Tph (it corresponds to the phenomenological phonon lifetime) to
the phonon collision integral in a form of a simple τ -approximation (right panel),
we obtained a relaxation of Nph(t) =
∑
q n(q, t) to its asymptotic value. Moreover,
5We chose γ as the smallest parameter that ensures the correct behavior of the distribution
functions at long times. Our numerical estimations showed that it can be guaranteed for values
γ ≈ 1/10.
596
Dynamics of laser-pulse excited semiconductors
as seen in figure 4b, the correlation term in the phonon collision integral results in
a smooth relaxation (solid line), while the neglect of the running nonequilibrium
correlations leads to non-motivated flexure of a dashed line at long times. However,
a question about an appropriate choice of Tph arises. In our calculations, the phonon
lifetime was treated as a fit parameter to ensure relaxation of n(q, t) to equilibrium.
Figure 5 illustrates the long time behavior of the phonon distribution functions.
It is seen that n(q, t) is close to its quasiequilibrium value nph(ε, t)|tτpulse = n0ph(t) =
1/[exp(~ωLO/T (t))− 1] shown by the dashed line. However, there is a deviation of
the stationary distribution of the phonons from its quasiequilibrium value. Whereas
this deviation is only about a few percent for zero γ and a relatively large phonon
lifetime Tph = 7τpulse, it reaches much more pronounced values when a quasiparticle
damping increases to 1/10 and the phonon relaxation time decreases to 3τpulse. In
our opinion, this is connected with a lack of information about the dynamics of
quasiparticle damping and could serve as a manifestation of the necessity of con-
sidering nonequilibrium correlations and the formation of quasiparticle behavior on
equal terms.
8. Conclusions
In this paper we have derived a closed set of evolution equations for a two-zone
semiconductor excited by an ultrashort laser pulse, taking into account nonequilibri-
um correlations in the system. These evolution equations posses two basic properties:
they have an equilibrium solution and obey energy balance. It was shown that the
introduction of nonequilibrium correlations is of great importance. The correspond-
ing terms in the collision integrals ensure the existence of the Markovian limit and
equilibration of the system. However, the numerical evaluations of the relaxation
stage show that the 2-nd Born approximation is not sufficient for a proper descrip-
tion of the system at long time scales. This is not strange, because the effect of higher
order interactions is known to be essential at the stage of the formation of quasipar-
ticle behavior [3,19,20]. We found that even a rather small constant quasiparticle
damping can stabilize the solutions of the kinetic equations and ensure relaxation
of the distribution functions to their long time asymptotics. In the general case it is
necessary to compose the time evolution equation for guasiparticle damping, which
supplements the system of kinetic equations together with the dynamic equation for
quasi-temperature. To describe the dynamics of the system during the laser excita-
tion, as well as at the relaxation stage, one has to consider a non-simplified version
of the total collision integrals for carriers, phonons and polarization including the
field contributions and quasiparticle damping. We plan to perform such an extended
analysis in future publications.
Appendix A
To obtain a solution for time-ordered matrix exponents (3.11) and (3.12), one
has to consider the system of differential equations (3.14). In the general case of a
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strong time-dependent field, these equations cannot be solved analytically. To find
explicit expressions for the kinetic kernels, we neglect the field-dependent terms in
the equations for diagonal elements. Then we find that
G+cc(k; t, t
′) = G−cc(k; t
′, t)∗ ≈ exp
(
− i
~
eck(t− t′)
)
+ o(E20), (A.1)
G+vv(k; t, t
′) = G−vv(k; t
′, t)∗ ≈ exp
(
− i
~
evk(t− t′)
)
+ o(E20). (A.2)
Substituting these expressions into equations (3.14) for the off-diagonal elements
and assuming that the field amplitude varies with time much slower than the cosine
factor in (2.8), which allows us to perform integration over t explicitly, we obtain
the following form of the field-dependent kinetic kernels:
G+cv(k; t, t
′) = G−vc(k; t
′, t)∗ ≈
≈ 1
2
d0E0(t)
δ−k
[
exp
(
i
~
δ−k t
)
− exp
(
i
~
δ−k t
′
)]
exp
(
i
~
evkt
′ − i
~
eckt
)
+ o(E30),(A.3)
where δ−k = eck − evk − ~ω denotes detuning of the system 6. Let us make some
conclusions from the expressions (A.1)–(A.3). On the one hand, the kinetic kernels
possess the symmetric properties similar to those of retarded and advanced Green’s
functions. On the other hand, the series in a field amplitude turn out to be factor-
izable in t, t′:
G+αβ(k; t, t
′) = καγ(k, t)[κ(k, t
′)]−1γβ ≡ [κ(k, t) · κ¯(k, t′)]αβ , (A.4)
where
κcc(k, t) = exp(−i/~ eckt), κvv(k, t) = exp(−i/~ evkt),
κcv(k, t) =
1
2
d0E0(t)
δ−k
[
exp
(
− i
~
(evk + ~ω)t
)
− exp
(
− i
~
eckt
)]
,
κvc(k, t) = −1
2
d0E0(t)
δ−k
[
exp
(
− i
~
(eck + ~ω)t
)
− exp
(
− i
~
evkt
)]
. (A.5)
This property will lead to a significant simplification while numerically solving the
kinetic equations, see Appendix C.
Appendix B
Using the Kubo identity (see, e.g., [11]), the commutator [ρrel(t
′), Hˆ0(t
′)] in equa-
tions (3.8) and (3.9) can be written as
[ρrel(t
′), Hˆ0(t
′)] = β(t′)
1∫
0
ρ˜xrel(t
′)[Hˆ0(t
′), Hˆint]ρ˜
−x
rel (t
′), (B.1)
6In a rotating wave-approximation for the external field [1,2], we neglect non-resonant strongly
oscillating terms with δ+k = eck − evk + ~ω.
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where ρ˜rel stands for the truncated relevant statistical operator (3.22) and higher-
order terms in Hˆint are omitted. The action of ρ˜
x
rel(t
′) and ρ˜−xrel (t
′) on the creation
and annihilation operators is given by
ρ˜xrel(t
′)akρ˜
−x
rel (t
′) = exp [xΛ(k, t′)] · ak ,
ρ˜xrel(t
′)a†kρ˜
−x
rel (t
′) = exp [−xΛ(k, t′)] · a†k ,
ρ˜xrel(t
′)bqρ˜
−x
rel (t
′) = exp
[
xΛph(q, t′)
]
bq ,
ρ˜xrel(t
′)b†qρ˜
−x
rel (t
′) = exp
[−xΛph(q, t′)] b†q . (B.2)
The matrix elements exp [xΛ(k, t′)]αβ can be evaluated explicitly from the corre-
sponding system of ordinary differential equations with the result (the k, t-dependen-
ce is not shown for brevity)
(exp[xΛ(k, t)])cc =
exp[xzc]
(
Λcc − Λvv +
√
D
)
+ exp[xzv]
(
Λvv − Λcc +
√
D
)
2
√
D
,
(exp[xΛ(k, t)])cv =
exp[xzc]− exp[xzv]√
D
Λcv ,
(exp[xΛ(k, t)])vc =
exp[xzc]− exp[xzv]√
D
Λvc ,
(exp[xΛ(k, t)])vv =
exp[xzv]
(
Λcc − Λvv +
√
D
)
+ exp[xzc]
(
Λvv − Λcc +
√
D
)
2
√
D
.
(B.3)
In equations (B.3) zc(k, t), zv(k, t) denote eigenvalues of the quadratic form in the
exponent of the relevant statistical operator ρ˜rel(t):
zc(k, t) =
Λcc(k, t) + Λvv(k, t) +
√
D(k, t)
2
,
zv(k, t) =
Λcc(k, t) + Λvv(k, t)−
√
D(k, t)
2
,
D(k, t) = (Λcc(k, t)− Λvv(k, t))2 + 4|Λcv(k, t)|2. (B.4)
The Lagrange multipliers Λαβ(k, t) and Λ
ph(q, t) can be eliminated with the aid of
the self-consistency conditions (3.3). Evaluation of the averages with the truncated
relevant statistical operator (3.22) gives
[exp{Λ(k, t)}+ I ]−1αβ = fαβ(k, t),
[
exp{Λph(q, t)} − 1]−1 = n(q, t). (B.5)
It is immediately obvious that
Λph(q, t) = ln
(
1 + n(q, t)
n(q, t)
)
. (B.6)
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For Λαβ we have a matrix relation
Λαβ(k, t) =
[
ln f(k, t)−1 − I]
αβ
, (B.7)
but it is an easy matter to find explicit expressions for these Lagrange multipliers
by using equations (B.3) and (B.4). Omitting simple but somewhat lengthy algebra,
we write down the resulting expressions (again, the k, t-dependence is not shown for
brevity):
Λcc =
1
2
ln
(
X2 −∆
4
)
+
[f ]−1cc − [f ]−1vv√
∆
arcthA,
Λcc =
1
2
ln
(
X2 −∆
4
)
− [f ]
−1
cc − [f ]−1vv√
∆
arcthA,
|Λcv|2 = 4arcth
2A
∆
[f ]−1cv [f ]
−1
vc , (B.8)
where
A =
√
∆
X
, ∆ =
(
[f ]−1cc − [f ]−1vv
)2
+4[f ]−1cv [f ]
−1
vc , X = [f ]
−1
cc +[f ]
−1
vv −2. (B.9)
Appendix C
After transition from sums over wave-vectors to the corresponding integrals with
the substitution ~2k2/(2m∗) −→ ek, where m∗ = mcmv/(mc+mv), and then making
use of the factorization properties (A.4) of the kinetic kernels, one can write down
the kinetic equations in a symbolic form
f(ek, t)
dt
=
t∫
t0
dt′
∑
i
∫
de′k de
′′
k κi(ek, t)κ¯i(e
′
k, t
′)Fi({f(ek, t′), f(e′k, t′), f(e′′k, t′)}) =
=
∑
i
∫
de′kde
′′
k κi(ek, t)Gi(ek, e
′
k, e
′′
k, t), (C.1)
where Fi({f(ek, t′), f(e′k, t′), f(e′′k, t′)}) are some distribution functions. The auxiliary
functions
Gi(ek, e
′
k, e
′′
k, t) =
t∫
t0
dt′ κ¯i(e
′
k, t
′)Fi({f(ek, t′), f(e′k, t′), f(e′′k, t′)}) (C.2)
satisfy local differential equations
dGi(ek, e
′
k, e
′′
k, t)
dt
= κ¯i(e
′
k, t)Fi({f(ek, t), f(e′k, t), f(e′′k, t) (C.3)
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with the initial conditions Gi(ek, e
′
k, e
′′
k, t0) = 0. Thus, we arrive at the system of
ordinary differential equations where the energies ek play the role of parameters.
Then, passing from the integrals over e′k, e
′′
k to the sums with the corresponding
Gaussian weights, we obtain a system of
dim = 5N + 12N3 + 1
equations. Here 5N equations are for the one-particle distribution functions (for
carriers, phonons and polarization), 12N3 equations describe the dynamics of the
auxiliary kernels (C.2), and the last equation determines the quasi-temperature T (t).
Taking the energy grid with N = 60 points, we obtain the system of about 106
equations which are to be solved numerically with given initial conditions.
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Надшвидка динаміка напівпровідників в полі
лазерного імпульсу: немарківські квантові кінетичні
рівняння з врахуванням нерівноважних кореляцій
В.В.Ігнатюк 1 , В.Г.Морозов 2
1 Інститут фізики конденсованих систем НАН України,
79011 Львів, вул. Свєнціцького, 1
2 Московський інститут радіотехніки, електроніки та автоматики,
Москва, проспект Вернадського,78
Отримано 13 квітня 2004 р., в остаточному вигляді –
29 червня 2004 р.
Отримано немарківські кінетичні рівняння в другому борнівському
наближенні для двозонного напівпровідника в полі фемптосекунд-
ного лазерного імпульсу. Враховано як динаміку зіткнень, так і вне-
сок нерівноважних динамічних кореляцій. Розглядяється проблема
балансу енергії, а також релаксація системи до рівноваги. Пред-
ставлено результати чисельних розрахунків кінетичних рівнянь для
електронів та фононів.
Ключові слова: квантова кінетична теорія, немарківські квантові
кінетичні рівняння, нерівноважні кореляції, електрон-фононна
взаємодія
PACS: 31.70.H, 42.50.-p, 05.70.Ln, 78.20.-e, 82.20.Mj, 82.20.Rp
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